The inherent frequencies of blades, especially with friction structure of shroud, are related to many uncertain factors, which include not only random factors but also fuzzy or other uncertain factors. In this paper, the fuzzy reliability model of blades to avoid resonance is investigated. By regarding the inherent frequency as a fuzzy random variable with trapezoidal or flat-normal membership function, a fuzzy reliability model of blades to avoid resonance is proposed based on the fuzzy cut-set theory, and the corresponding numerical solution is given. Further, a theorem is proposed and proved to indicate the deficiency of the previous cut-set distributions on convergence, and, then, a new cut-set distribution is given to cover this shortage and ensure that the model is of good convergence. Finally, the proposed model is applied to evaluate the reliability of one certain blade. Some simulations are carried out to compare the new cut-set distribution with the previous ones and study the influence of fuzzy degree on the reliability.
Introduction
Blade is one of the important components of aeroengine, whose failure rate is always higher than other components due to its complex service environment. The failure of blades is often related to vibration, in which resonance failure accounts for 30%∼40% [1] . Therefore, it is of great significance to study the reliabilities of blades to avoid resonance.
The essence of the conventional random reliability theory is to regard the basic variables as random variables. However, in the process of vibration, the inherent frequencies of blades have not only randomness but also great fuzziness. The fuzziness is mainly due to the following. (1) The inherent frequencies of blades (especially with damping structures, such as shrouded blades) are affected by many factors, some of which have complex influence on inherent frequencies (e.g., positive pressure on contact surface has a high nonlinear effect [2] ), some factors (such as circumferential position excursion of shroud to firtree serration and installation tightness between tenon and mortise) affect it irregularly, and even some unknown factors also might affect the inherent frequencies. Because of the multiple and composite influences, the inherent frequencies of blades with damping structures are of great fuzziness. (2) In the acquisition (test or simulation) process of the inherent frequencies, many steps depend on the experiences and subjective consciousness of engineers, such as the design of experiment scheme, experiment equipment, algorithm, and program. Experience and consciousness are both fuzzy concepts. These indicate that the fuzziness of inherent frequencies is inevitable and cannot be neglected. Just as the inherent frequencies of blades, the variables which include both fuzziness and randomness are called fuzzy random variables and should be handled by the fuzzy reliability theory in the reliability analysis.
The fuzzy reliability theory is based on the fuzzy set theory, which was proposed by Zadeh in 1965 [3] and had been applied in many fields [4] [5] [6] [7] [8] [9] . The fuzziness in reliability problems mainly involves the fuzziness of failure state and the fuzziness of basic variables. According to the type of fuzziness in the model, the fuzzy reliability models could be classified into three groups [10] [11] [12] : the model which is only based on the fuzziness of failure state is called Profust model, the model which is only based on the fuzziness of basic variables is called Posbist model, and the model which is based on the fuzziness of both failure state and basic variables is called Posfust model. At present, the studies on the fuzzy reliability to avoid resonance are mostly the Profust models, which ignore the fuzziness of basic variable (inherent frequency) 2 Mathematical Problems in Engineering [13] [14] [15] [16] . Therefore, this paper is aimed to study the Posbist reliability model of blades to avoid resonance.
To deal with fuzzy random variables, some methods in the existing studies (such as "stress-strength" interference model with the fuzziness of stress or strength [17] [18] [19] [20] ) are worth learning. The basic idea is to translate the fuzzy random variables into pure random variables by some defuzzification methods, and then the mature random theories could be used. The cut-set method is one of the common defuzzification methods, in which it is very important to choose an appropriate cut-set distribution due to its significant effects on the analysis results. At present, the common cut-set distributions include uniform distribution, linear distribution, and truncated normal distribution [21] [22] [23] . However, when the cut-set is longer, these distributions become unreasonable and cannot reflect the random characteristics of variables. This deficiency will bring trouble to the convergence of the model, and thus a new cut-set distribution will be proposed in this paper to cover the shortage of the previous cut-set distributions.
This paper is organized as follow. In Section 2, two kinds of membership functions were adopted to describe the fuzziness of the inherent frequency, and their fuzzy degrees were discussed. In Section 3, a Posbist reliability model of blades to avoid resonance was proposed based on the fuzzy cut-set theory, and a numerical solution was given. In Section 4, the convergence of the Posbist model was analyzed. A convergence theorem was given and proved to indicate the deficiency of the previous cut-set distributions, and a new distribution was proposed to ensure the convergence of the Posbist model. And in Section 5, simulations were carried out in order to verify the theoretical results and compare the new cut-set distribution with the previous ones, and the influences of fuzzy degree on the reliability were investigated. Some conclusions were made in Section 6.
Description and Measurement of the Fuzzy Random Inherent Frequency
The fuzziness of fuzzy random variable can be described by a membership functioñ( ) ∈ [0, 1], wherẽis a set in the domain and̃= {the possible values of this variable}. For some ∈ , the valuẽ( ) represents the degree of event ∈̃and is called membership degree. Therefore,̃( ) = 0 represents ∉̃,̃( ) = 1 represents ∈̃, and 0 < ( ) < 1 represents whether belongs tõis uncertain, and the possibility is̃( ). These show that the elements iñ are fuzzy and uncertain, sõis not an ordinary set but a fuzzy set.
In engineering, the membership functioñ( ) of a fuzzy random variable generally satisfies the following format:
where [ , ] is called flat zone, 0 ≤ ( ) < 1 is an increasing left continuous function, and lim → −∞ ( ) = 0; 0 ≤ ( ) < 1 is a decreasing right continuous function and lim → +∞ ( ) = 0. The linear or normal function is usually chosen as ( ) and ( ) in engineering.
Membership Function of Inherent Frequency.
The inherent frequency is a fuzzy random variable, so the set̃= {the possible values of the inherent frequency} is a fuzzy set and could be described by the membership functioñ( ). ( ) can be determined through the expression (1). Generally speaking, the inherent frequency of one blade is designed to be some value, but the dispersion is inevitable due to the manufacture dispersion. A certain frequency tolerance is allowed in engineering. In the predetermined tolerance range, the inherent frequency can be deemed to be clear. So the tolerance interval is just the flat zone, where the membership degree is the constant 1. Practically, the ultratolerance phenomenon sometimes may occur; that is to say, the inherent frequency is fuzzy within a certain range on both sides of the flat zone, where the membership degree is determined by functions ( ) and ( ). If ( ) and ( ) are linear functions, the membership function is trapezoidal (expression (2)), and if they are normal functions, the membership function is flat-normal (expression (3)).
(I) Trapezoidal membership function is as follows:
where ( − 1 , ) and ( , + 2 ) are fuzzy zones and 1 and 2 are fuzzy-information parameters and are used to characterize the length of fuzzy zones.
(II) Flat-normal membership function is as follows:
where (−∞, ) and ( , +∞) are fuzzy zones and 1 and 2 are fuzzy-information parameters and are used to adjust the shape of membership functions. If there is no additional information, it should be taken that 1 = 2 ( 1 = 2 ). In practice, for a specific blade, the membership function of its inherent frequency can be chosen as the specific one from (2) and (3) by some methods, such as statistics, function fitting, or the experience of experts.
Fuzzy Degree of the Inherent Frequency.
Fuzzy degree is used to measure the ambiguity of a fuzzy random variable through its membership function. In continuous domain, fuzzy degree can be calculated according to the following expression [24] :
where 0.5 ( ) = { 1 ( )≥0.5 0 ( )<0.5 . The fuzzy degrees of trapezoidal and flat-normal fuzzy random variables can be calculated according to the expression (4), and the results are shown as follows.
(I) The fuzzy degree of trapezoidal membership function is as follows:
(II) The fuzzy degree of Flat-normal membership function is as follows:
In summary, the fuzzy degree of a fuzzy random variable only relates to the fuzzy-information parameters of its membership function and has nothing to do with its precise information, that is, the flat zone [ , ] .
Particularly, when 1 = 2 → +∞ (or 1 = 2 = 0), the membership function (2) (or (3)) will degenerate into the constant function:
In this case, the set̃degenerates into ordinary set and the fuzzy degree of the inherent frequency will be 0 according to the expression (4), which indicates that the inherent frequency is no longer a fuzzy random variable but a pure random variable.
Posbist Reliability Model of Blades to Avoid Resonance
Suppose that the inherent frequencỹof one blade is a fuzzy random variable, whose membership function is̃( ). The excitation frequency is a random variable and follows normal distribution ( , 2 ), whose density function is ( ).
The Posbist Reliability
Model. The reliability of this blade to avoid resonance is shown as follows:
Define = − and = + ; thus there are ∼ ( − ,
2 ) and ∼ ( + , 2 ). Suppose that the density function and survival function of are ( ) and ( ), respectively and those of are ( ) and ( ). Then,
The reliability to avoid resonance is studied based on the fuzzy cut-set theory. A cut level ∈ [0, 1] is given first, and, then, the cut-set of̃can be calculated as [ , ] = { :̃( ) ≥ }, which is an ordinary set. By introducing a random density function , ( ) into the cut-set [ , ], the cut-set reliability = 1 + 2 can be obtained based on the conventional random reliability theory, where
Because , ( ) is the random density function and defined in the cut-set [ , ] , it is called cut-set distribution. Taking the cut level as the integral variable and integrating into the interval [0, 1], the Posbist fuzzy reliability model of blades to avoid resonance can be proposed as follows:
Calculation of the Model.
According to the formulas in (10), after a group of | ( = 1, 2, . . . , ) are simulated randomly in the cut-set [ , ] , can be calculated by the two formulas below:
Set initial value N (1) The cut level is regarded as a random variable which follows uniform distribution in [0, 1], and the formula (11) can be written as = ∫
Therefore, a group of cut levels ( = 1, 2, . . . , ) can be simulated randomly, and the corresponding cut-set reliabilities can be calculated according the formulas in (12) . Then, the fuzzy reliability to avoid resonance can be calculated as
The calculation results are related to the sample sizes and , and thus an iterative method can be used. The flowchart of the numerical simulation method is shown in Figure 1 .
Convergence of the Posbist Model and a New Cut-Set Distribution
According to the model in (11), the cut-set distribution
is of significant effect on the reliability, and, thus, it is very important to choose an ideal cut-set distribution. At present, the common cut-set distributions are uniform distribution (UD), linear distribution (LD), and truncated normal distribution (TND). In order to point out the deficiency of these previous cut-set distributions, the convergence of the Posbist model should be analyzed first.
Convergence of the Posbist Model.
As is well known, the pure random variable is a special fuzzy random variable, which no longer has fuzziness. When the fuzzy random inherent frequency gradually converges to a pure random variable, the Posbist model should converge to the corresponding random model. Particularly, when the membership function of the inherent frequency degenerates into the constant functioñ( ) ≡ 1, ∈ (−∞,+∞), the inherent frequency should degenerate into a random variable which obeys the probability function ( ) in (−∞, +∞). In this case, according to the Posbist model, it can be seen that the cut-sets corresponding to arbitrary cut levels are all (−∞, +∞). Thus, , ( ) has nothing to do with and can be denoted by ( ). Therefore, the cut-set reliabilities to arbitrary cut levels are equal and have no relationship to and can be denoted by . Through the expression (11), it is obtained that = . Because is the random reliability model where the inherent frequency follows the random density function ( ) in (−∞, +∞), the Posbist model degenerates into a random model.
In fact, ( ) should reflect the random characteristic of the inherent frequency. Therefore, it should just be the probability density function of random inherent frequency in conventional random model. In this way, the conventional random model is a special Posbist model, while the Posbist method is the development and extension of the random reliability method. Because ( ) is the limit function of , ( ) when the cut-set tends to (−∞, +∞), an ideal cutset distribution , ( ) should well reflect the random characteristic of the inherent frequency and converge to the probability density function of the inherent frequency in the conventional random model.
Deficiency of the Previous Cut-Set Distributions.
At present, the common , ( ) is UD, LD, or TND. These cutset distributions can reflect the random characteristic of the inherent frequency when the cut-set [ , ] is short. But if the cut-set [ , ] is longer and tends, especially, to (−∞, +∞), LD and TND tend to UD, which means that the inherent frequency takes equal probability everywhere in (−∞, +∞) ( Figure 2 ). This is unreasonable and brings a deficiency to the convergence of the Posbist model, which is shown in the following lemma and theorem.
Lemma 1. If the cut-set distribution is UD, LD, or TND, when the cut-set of the inherent frequency converges to real field, that is, [ , ] → (−∞, +∞), the cut-set reliability to avoid resonance will converge to the fixed value 1 and has nothing to do with the specific issues.
Proof. When [ , ] → (−∞, +∞), the cut-set distributions LD and TND will converge to UD. Thus, it is just needed to prove UD.
For arbitrary fixed , ∈ (−∞, +∞), when [ , ] is long enough and tends to (−∞, +∞), there is always , ∈ [ , ]. Therefore, according to the formulas in (10), 1 and 2 can be written in the equivalent forms below:
UD LD TND Figure 2 : UD, LD, and TND in the different cut-sets.
When the cut-set distribution , ( ) is UD, substitute it into the above formulas and the following expression can be obtained:
In specific engineering problems, different blades will lead different parameters in the Posbist model. However, the above analysis shows that no matter what values of these parameters are, the cut-set reliability will always converge to 1 when [ , ] → (−∞, +∞). In other words, it has nothing to do with the specific issues.
According the lemma above, the following theorem can be derived.
Theorem 2 (convergence theorem of the Posbist model under the cut-set distribution UD, LD, or TND). If the cut-set distribution is UD, LD, or TND, when the membership function of the inherent frequency gradually converges tõ( ) ≡ 1, ∈ (−∞, +∞), the reliability assessment to avoid resonance using the Posbist model will converge to 1 and has nothing to do with the specific issues.
Proof. When the membership function converges tõ ( ) ≡ 1, ∈ (−∞, +∞), for an arbitrary fixed ∈ [0, 1], the corresponding cut-set The analysis in Section 4.1 shows that an ideal cut-set distribution should ensure that the Posbist model converges to the conventional random model wheñ( ) ≡ 1, ∈ (−∞, +∞). However, the above theorem shows that UD, LD, and TND will make the Posbist reliability assessments converge to 1 invariably, which is obviously unreasonable. The essence for this is because UD, LD, and TND cannot reflect the random characteristic of the inherent frequency when the cut-set is long enough, and, thus, a new cut-set distribution should be proposed.
A New Cut-Set Distribution. As the analysis in
( ) is just the probability density function of the inherent frequency in the conventional random method, and it always is assumed as a normal distribution. Therefore, a new cut-set distribution called modified truncated normal distribution (M-TND) is proposed in this paper, whose expression is shown as follows:
where ( ) = (1/ √ 2 ) exp{−( − ) 2 /2 2 }, = ( + )/2, and = min{ , ( − )/ }. is the standard deviation coefficient. is given by the expertise and generally takes the standard deviation of the inherent frequency in the random reliability model. According to (16) , M-TND will converge to normal distribution ( , 2 ) when [ , ] → (−∞, +∞) (Figure 3) , and, therefore, the reliability assessment of model (11) will converge to the result of the random model.
Simulation Study
The first bend frequency of a known shroud blade is designed to be about 180 Hz. The manufacture tolerance is ±5%. While the ultratolerance phenomenon may appear in practice and the acceptable ultratolerance range is ±8% in engineering. When the blade is shocked by the excitation frequency which follows random distribution (220, 7
2 ), the resonance may occur. Now the reliability to avoid resonance will be estimated.
From the known conditions, the median and length of the flat zone of the first bend frequency are 180 and 18, respectively; that is, Figure 4 . Reliabilities to avoid resonance can be calculated as 0.9926 and 0.9929, respectively, for these two membership functions by the Posbist model proposed.
Comparison of M-TND with the Previous Cut-Set Distributions (UD, LD, and TND).
In order to study the convergence of the Posbist model under different cut-set distributions, the reliability variations with the fuzzy-information parameters and are calculated and shown in Tables 1 and 2 and Figures 5 and 6 . It is shown in Tables 1 and 2 that when the membership function of the inherent frequency converges tõ( ) ≡ 1, ∈ (−∞, +∞) ( → +∞ or → 0), the reliability assessments under UD, LD, and TND always converge to 1, which is consistent with the theorem Table 2 : The reliability assessments under UD, LD, and TND with the change of . in Section 4.2. Meanwhile, it is shown in Figures 5 and 6 that the reliability assessments under M-TND converge to 0.9908, which is just the result of the random reliability model. In addition, it is also shown in Figures 5 and 6 that the reliability assessments under M-TND decreases with the increasing of and the decreasing of . According to the formulas (5) and (6) , when the fuzzy information flank is symmetrical, the higher the fuzzy degree of the inherent frequency is, the smaller the reliability will be and vice versa. This is consistent with the objective reality. However, as shown in Tables 1 and 2 , with the increasing of the fuzzy degree, the reliability assessments under UD, LD and TND all decrease first and then increase instead, which is another evidence to show the deficiency of UD, LD, and TND on convergence property. Therefore, the proposed M-TND should have better performance than UD, LD, and TND. zone is symmetrical; that is, 1 = 2 ( 1 = 2 ). Conversely, if there is additional information to ascertain that it is more possible that "the inherent frequency is smaller (or bigger) than 180 Hz, " the fuzzy information flank is asymmetrical; that is, 1 ̸ = 2 ( 1 ̸ = 2 ). For the symmetrical case, it is shown in Figures 5 and 6 that the higher the fuzzy degree of the inherent frequency is, the smaller the fuzzy reliability will be and vice versa. Thus, numerical simulations will be carried out with the asymmetrical case in Section 5.2.
Regularity of Fuzzy
The variation surface of fuzzy reliabilities with the fuzzyinformation parameters 1 and 2 is shown in Figure 7 and that with 1 and 2 is shown in Figure 8 . The variation curve families of fuzzy reliabilities with each parameter are shown in It is shown in Figures 7, 9 , and 10 that the fuzzy reliability increases with the increasing of 1 , for given 2 , and decreases with the increasing of 2 for given 1 . Similarly, Figures 8, 11 , and 12 show that the fuzzy reliability decreases with the increasing of 1 , for given 2 , and increases with the increasing of 2 for given 1 . In a word, for the given right-side fuzzy information, the fuzzy reliability will increase with the increasing of the fuzzy degree of left-side fuzzy information and vice versa. While, for the given left-side fuzzy information, the fuzzy reliability will decrease with the increasing of the fuzzy degree of right-side fuzzy information and vice versa. This is because of the fact that when the left-side ambiguity increases, the possibility of "the inherent frequency in the left fuzzy zone" will increase. While the mean of the excitation frequency is on right side of the flat zone [ , ] , thus, the possibility that "the inherent frequency away from the excitation frequency" increases; that is to say, the reliability increases and vice versa. Similarly, the regularity will be contrary when the mean of the excitation frequency is on the left side of the flat zone.
Influences of Other Factors on the Fuzzy Reliability.
Fuzzy-information parameters and fuzzy degree can only reflect the influence of fuzzy information on reliability. But, besides the fuzzy information, the fuzzy reliability is also related to precise information, that is, the flat zone. Therefore, the conclusions in Section 5.2 are made based on the premise that the flat zone is fixed. Eight experiments are carried out to show the influence of the flat zone on reliability in Table 3 .
It is shown in Table 3 that the change of the position and length of the flat zone will affect the fuzzy reliability even for the same fuzzy-information parameters (or fuzzy degree):
(1) comparing B with C (or F with G), it can be seen that although the fuzzy degree increases, the reliability does not decrease. Instead, it increases due to the shortening of the flat zone. (2) Comparing C with E (or D with F), it can be seen that although the fuzzy degree decreases, the reliability does not increase. Instead, it decreases due to the position change of the flat zone.
Conclusions
The inherent frequencies of engine blades with damping structures often have a lot of fuzziness. In this paper, the inherent frequencies of blades are regarded as fuzzy random variables. The Posbist fuzzy reliability model of blades to avoid resonance is proposed based on the fuzzy cut-set theory. The cut-set distribution is of a significant effect on the Posbist reliability assessment result. A convergence theorem is proposed and proved to show the deficiency of the previous commonly used distributions UD, LD, and TND, and a new distribution M-TND is further presented. Simulation results show that M-TND is of better performance to ensure a good convergence of the Posbist model. When the fuzzy information flank is symmetrical, the bigger the fuzzy degree of the inherent frequency is, the smaller the fuzzy reliability will be and vice versa, while when the fuzzy information flank is asymmetrical, the bigger the fuzzy degree on the side near the mean of the excitation frequency is, the smaller the fuzzy reliability will be, and the bigger the fuzzy degree on the side away from the mean of the excitation frequency is, the bigger the fuzzy reliability will be.
